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Abstract 

We describe certain quiver Hopf algebras by parameters. This leads to the 
classification of multiple Taft algebras as well as pointed Yetter-Drinfeld modules 
and their corresponding Nichols algebras. In particular, when the ground-field k is 
the complex field and G is a finite abelian group, we classify quiver Hopf algebras 
over G, multiple Taft algebras over G and Nichols algebras in ^.Qyi^- We show that 
the quantum enveloping algebra of a complex semisimple Lie algebra is a quotient 
of a semi-path Hopf algebra. 
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Introduction 



In noncommutative algebras quivers and associated path algebras are intensively studied 
because of a remarkable interaction between homology theory, algebraic geometry, and 
Lie theory. Ringel's approach to quantum groups via quivers suggested that there may 
be an interesting overlapping also between the theory of quivers and Hopf algebras. Some 
years ago Cibils and Rosso [CRU ICR2j started to study quivers admitting a (graded) 
Hopf algebra structure and there are many papers (e.g. |CHYZ[ lOZ] ) follow these works. 
The representation theory of (graded) Hopf algebras has applications in many branches 
of physics and mathematics such as the construction of solutions to the quantum Yang- 
Baxter equation and topological invariants (see e.g. [Mall lRr2] . Quivers have also been 
used in gauge theory and string theory (see e.g. |Zhl IRR] ) . 
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This paper can be viewed an extension of the analysis of Cibils and Rosso. Let G 
be a group and kG be the group algebra of G over a field k. It is well-known [CR2] 
that the fcC-Hopf bimodule category ^M.^ is equivalent to the direct product category 
Y\c&K(G) -^kz^^c)^ where 1C{G) is the set of conjugate classes in G, m : /C(G) ^ G is 
a map such that u{C) G C for any C G /C(G), Zu{c) = {q ^ G \ gu{C) = u{C)g} 
and A^fcz„(c) denotes the category of right A;Z„(c)-modules (see |CR2t Proposition 3.3] 
|CRH Theorem 4.1] and Theorem 11.11) . Thus for any Hopf quiver {Q,G,r), the kG- 
Hopf bimodule structures on the arrow comodule kQl can be derived from the right 
A; -module structures on '^^'^\kQiy for all C G /C(G). If the arrow comodule kQl 
admits a /cG-Hopf bimodule structure, then there exist six graded Hopf algebras: co- 
path Hopf algebra kQ'^, one-type-co-path Hopf algebras kGlkQl], one-type-path Hopf 
algebras {kG)*[kQ1], semi-path Hopf algebra kQ^, semi-co-path Hopf algebra kQ'^'^ and 
path Hopf algebra kQ"-. We call these Hopf algebras quiver Hopf algebras over G. If 
the corresponding fcZ^(((7)-modules ^^'-'\kQlY is pointed (i.e. it is zero or a direct sum of 
one dimensional /i;Zu(c)-modules) for all G G /C(G), then kQl is called a PM /cG-Hopf 
bimodule. The six graded Hopf algebras derived from the PM /cG-Hopf bimodule kQl are 
called PM quiver Hopf algebras. A Yetter-Drinfeld if-module V is pointed if \^ = or \^ 
is a direct sum of one dimensional YD i7-modules. If \^ is a pointed YD i7-module, then 
the corresponding Nichols algebra B{V) is called a PM Nichols algebra. For example, 
when G is a finite abelian group of exponent m and k contains a primitive m-th root of 
1 (e.g. k is the complex field ), all quiver Hopf algebras are PM ( see Lemma [1.2p . all 
YD fcG-modules are pointed and all Nichols algebras of all YD /cG-modules are PM (see 
Lemma 12.31) . 

The aim of this paper is to provide parametrization of PM quiver Hopf algebras, 
multiple Taft algebras and PM Nichols algebras. In other words, this paper provides 
a kind of classification of these Hopf algebras. This paper is organized as follows. In 
Section [H we examine the PM quiver Hopf algebras by means of ramification system with 
characters. In Section [21 we describe PM Nichols algebras and multiple Taft algebras 
by means of element system with characters. In Section [3], we show that the diagram 
of a quantum weakly commutative multiple Taft algebra is not only a Nichols algebra 
but also a quantum linear space in ^§3^1^; the diagram of a semi-path Hopf algebra of 
ESC is a quantum tensor algebra in ^QyV; the quantum enveloping algebra of a complex 
semisimple Lie algebra is a quotient of a semi-path Hopf algebra. 

Preliminaries 

Throughout this paper, we work over a fixed field k. All algebras, coalgebras, Hopf 
algebras, and so on, are defined over k; dim, ® and Hom stand for dim^, 0^ and Hom^, 
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respectively. Books [DNRt IMot ISw] provide the necessary background for Hopf algebras 
and book [ARS] provides a nice description of the path algebra approach. 

Let Z, Z"*" and N denote sets of all integers, all positive integers and all non-negative 
integers, respectively. For sets X and F, we denote by |X| the cardinal number of X 
and by or X^ the Cartesian product liy^yXy with Xy = X for any y E Y . If X 
is finite, then |X| is the number of elements in X. If X = ©jg/X(j) as vector spaces, 
then we denote by Li the natural injection from to X and by VTj the corresponding 
projection from X to X(j). We will use to denote the multiplication of an algebra, 
A to denote the comultiplication of a coalgebra, a~, a"*", 5~ and 5^ to denote the left 
module, right module, left comodule and right comodule structure maps, respectively. 
The Sweedler's sigma notations for coalgebras and comodules are A(x) = XI ^(i) ® ^(2)5 
5~{x) = ® ^(0)) S~^{x) = J2^{o) ® ^{1)- Let G be a group. We denote by Z{G) 

the center of G. Let G denote the set of characters of all one-dimensional representations 
of G. It is clear that G = {x | X is a group homomorphism from G to the multiplicative 
group of all non-zero elements in A; }. 

A quiver Q = {Qo,Qi, s,t) is an oriented graph, where Qo and Qi are the sets of 
vertices and arrows, respectively; s and t are two maps from Qi to Qq. For any arrow 
a G Qi, s{a) and t{a) are called its start vertex and end vertex, respectively, and a is 
called an arrow from s{a) to t{a). For any n > 0, an n-path or a path of length n in the 
quiver Q is an ordered sequence of arrows p = a„a„_i ■ ■ ■ ai with t(aj) = s(aj_|_i) for all 
1 < i < n — 1. Note that a 0-path is exactly a vertex and a 1-path is exactly an arrow. In 
this case, we define s{p) = s{ai), the start vertex of p, and t{p) = t(a„), the end vertex of 
p. For a 0-path x, we have s{x) = t{x) = x. Let Qn be the set of n-paths. Let ^Q^ denote 
the set of all n-paths from x to y, x,y E Qo- That is, ^Q^ = {p E Qn \ s{p) = x, t{p) = y}. 

A quiver Q is finite if Qo and Qi are finite sets. A quiver Q is locally finite if ^Q^ is a 
finite set for any x,y G Qo- 

Let G be a group. Let /C(G) denote the set of conjugate classes in G. A formal sum 
r = YlceK.(G) of conjugate classes of G with cardinal number coefficients is called a 
ramification (or ramification data ) of G, i.e. for any G G }C{G), is a cardinal number. 
In particular, a formal sum r = X]ce^{G) '"cC' of conjugate classes of G with non-negative 
integer coefficients is a ramification of G. 

For any ramification r and a G G /C(G), since is a cardinal number, we can choice a 
set Ic{t) such that its cardinal number is rc without lost generality. Let }Cr{G) := {G G 
/C(G) I rc 7^ 0} = {G G /C(G) | /c(^) 7^ 0}- If there exists a ramification r of G such that 
the cardinal number of ^Qf is equal to rc for any x,y E G with x^^y G G G /C(G), then 
Q is called a i/oj*/ quiver with respect to the ramification data r. In this case, there is a 
bijection from Ic{r) to ^Qi, and hence we write ^Q^ = {ay^x \ i E for any x,y E G 

with x^^y G G G /C(G). Denote by (Q, G, r) the Hopf quiver of G with respect to r. 
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The coset decomposition of Zu(c) in G is 

G = [j Z.,^c)9e, (0.1) 

where Gc is an index set. It is easy to check that |Gc| = \C\. We always assume that 
the representative element of the coset Zu(c) is the identity 1 of G. We claim that 9 = 7] 
if gQ^u{C)ge = g~^u{C)gn- In fact, by the equation gQ^u{C)ge = g^^u{C)gri one gets 
grjgg^u{C) = u{C)grfgg^ ■ Thus g-^gfj^ G Zu(c), and hence 9 = r]. For any x,y E G with 
x^^y G C G }C{G), there exists a unique 9 G 6c such that 

x-'y = ggMC)ge. (0.2) 

Without specification, we will always assume that x, y, 9 and G satisfy the above relation 
(10.21) . Note that 9 is only determined by x~^y. For any h E G and 9 G Oc, there exist 
unique h' G ^n(c) and 9' G Oc such that ggh = h'ggr. Let Ce'(^) = h'. Then we have 

geh = Ce{.h)ge'. (0.3) 

If u{G) lies in the center Z{G) of G, we have = icic- In particular, if G is abelian, then 
Ce = idc since Zu(c) = G. 

Let if be a Hopf algebra. A (left-left) Yetter-Drinfeld module V over H (simply, 
YD if-module) is simultaneously a left if-module and a left if-comodule satisfying the 
following compatibility condition: 

^(/i ■ t;)(_i) (g) (/i ■ t;)(o) = ^/i(i)t;(-i)S'(/i(3)) (g) /i(2) ■ 'y(o), veV,heH. (0.4) 

We denote by |[3^-D the category of YD //-modules; the morphisms in this category 
preserve both the action and the coaction of H. 

The structure of a Nichols algebra appeared first in the paper [Ni], and N. An- 
druskiewitsch and H. J. Schneider used it to classify finite-dimensional pointed Hopf 
algebras [ASTl lAS2l lAS3l lASi] . Its definition can be found in [AS3l Definition 2.1]. 



If (j) : A ^ A' is an algebra homomorphism and (M, a~) is a left A'-module, then 
M becomes a left A-module with the A-action given by a ■ x = 0(a) ■ x for any a E A, 
X G M, called a pullback A-module through 0, written as ^M. Dually, if : C ^ C" be a 
coalgebra homomorphism and (M, S~) is a left C-comodule, then M is a left C'-comodule 
with the C'-comodule structure given by 6'~ := (0(g)id)(5~, called a push-out C'-comodule 
through 0, written as '^M. 

Let A be an algebra and M be an A-bimodule. Then the tensor algebra Tj^{M) of M 
over A is a graded algebra with Ta(M)(o) = A, Ta(M)(i) = M and TA{M)^n) = 
for n > 1. That is, Ta(M) = A® (0„>o ®aM). Let D be another algebra. If h is an 
algebra map from A to D and / is an A-bimodule map from M to hDh, then by the 
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universal property of Ta{M) (see pT| Proposition 1-4.1]) there is a unique algebra map 
TA^h, f) : Ta{M) — > D such that r^(/i, f)to = h and Ta^H, = /. One can easily see 
that Ta(/i, f) = h + En>o/""~^^n(/)' where T„(/) is the map from (8)^M to given 
byT„(/)(xi®X2®---®x„) = fixi)0f{x2)^---(S)fixn), i.e., T„(/) = f ®Af ®a- ■ -^aI ■ 
Note that /x can be viewed as a map from D ®a D to D. 

Dually, let C be a coalgebra and let M be a C-bicomodule. Then the cotensor coal- 
gebra T^(M) of M over C is a graded coalgebra with T^(M)(o) = C, T(£,(M)(i) = M and 
T^{M)n = n^M for n > 1. That is, T^(M) = C © (©„>o Dg-M). 



1 PM quiver Hopf algebras 

In this section we describe PM quiver Hopf algebras by parameters. 

We first describe the category of Hopf bimodules by categories of modules. 

Let G be a group and let be a /cG-bicomodule. Then the (x, ?/)-isotypic 

component of B is 

yB"" = {beB\6-{b)=y®b, 6+{b) = b®x}, 

where x,y E G. Let M be another fcG-bicomodule and f : B ^ M he a /cG-bicomodule 
homomorphism. Then fi^B^) C s'M^ for any x,y E G. Denote by ^/^ the restriction 
map flvB- : ^ x,y E G. 

Theorem 1. (See ICR^ Proposition 3.3] and ICRll Theorem 4-^]) The category 
kG-^kG of kG -Hopf bimodules is equivalent to the Cartesian product category Y\c&k(G) -^kz^^c) 
of categories M.kz^^c) "i^wht kZu{c)-inodules for all C G 1C{G). 

For later use, we give the mutually inverse functors between the two categories here. 
The functors W from 'IqM'Iq to ncei<;(G) -^kz^^c) defined by 

for any object B and morphism / in kc-^m^ where the right kZu(c)-'^odn\e action on 
is given by 

b<h = h-^-b-h, b e ""^^W , h e Z^i^c)- (1-1) 

The functor V from ncei<;(G) -^kz^^c) tc-^kG defined as follows: 
For M = {M{C)}ceK{G) e I\ceK(G) ^kz^^cv ^(^) given by 

W{MY = x®M{C)®kz^^^^ge, 

h ■ {x m ®kz^^c) 9e) = hx ® m ^kz^^^c) 9e, (1-2) 
{x ® m ®kz^(c) 9e) ■ h = xh®m®kz^^^)9eh = xh®{m<\Ce{h))®kz^^^)ge', 
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where h,x,y G G with x E C and the relation (10. 2p and (10.31) . m G M(C). For any 
morphism / = {fc}c(iK.{G) ■ {^(C)}cgx;(g) ^ {A^(C)}ceK:(G), V {f){x ® m ®kz,,(c) 9e) = 
X (g) fc{m) ®kZ(^^(c)) 9e for any m G Mc, x,y e G with = gg^u{G)ge. That is, 

^\/(/)^- = id ® /c ® id. 

An y4-module M is called pointed if M = or M is a direct sum of one dimensional 
A- modules. 

Definition 1.1. A kG-Hopf bimodule N is called a kG-Hopf himodule with pointed 
module structure ( or a PM kG-Hopf himodule in short) if there exists an object 
Y\c&K(G) ^{C) in nceA:(G) -^fc^«(c) ^^^^ ^^^^ M{C) is a right pointed kZu{c)-T^odule for 
anyCe 1C{G) and N = V{{M{C)}ceK:(G)) := ®y=,-Mc)9e, ^,yeG M{C) ®,z^^^^ gg as 
kG-Hopf himodules. Here V{{M{G)}ceK{G)) ■= ®y=g-^u{G)ge, x,yeG ^ ® ^(C) ®fc^.(c) 99 
is defined in the proof of Theorem U\ 

Lemma IL2I - 11.61 Theorem [2] and Lemma 12.71 are well-known. 

Lemma 1.2. Assume thatG is a finite commutative group of exponent m. Ifk contains 
a primitive m-th root of 1, then (i) every kG -module is a pointed module; (ii) every kG- 
Hopf himodule is PM. 

Lemma 1.3. Let H = ^^^^//(j) he a graded Hopf algehra. Set B := if(o) ^^^^^ M := 
Then M is a B-Hopf himodule with the B-actions and B-coactions given hy 

a' = 7ri/i(io ® '•i), = 7ri/i(ii ® Lq), 6" = (ttq ® tti) A^i, 5'^ = (tti (g) 7ro)Aii. 

Lemma 1.4. (i) Let B he an algehra and M he a B-himodule. Then the tensor algehra 
Tb{M) of M over B admits a graded Hopf algehra structure if and only if B admits a 
Hopf algehra structure and M admits a B-Hopf himodule structure. 

(ii) Let B he a coalgehra and M he a B-hicomodule. Then the cotensor coalgehra 
T^[M) of M over B admits a graded Hopf algehra structure if and only if B admits a 
Hopf algehra structure and M admits a B-Hopf himodule structure. 

Let -B be a bialgebra (Hopf algebra) and M be a 5-Hopf bimodule. Then T^{M) is 
a graded bialgebra (Hopf algebra) by Lemma [LH Let B[M] denote the subalgebra of 
T^{M) generated by B and M. Then i?[M] is a bialgebra (Hopf algebra) of type one by 
jNij section 2.2, p. 1533]. B[M] is a graded subspace of T^(M). 

Lemma 1.5. Let B and B' he two Hopf algehras. Let M and M' he B-Hopf himodule 
and B' -Hopf himodule, respectively. Assume that cf) : B ^ B' he a Hopf algehra map. 
If tp is simultaneously a B-himodule and B' -hicomodule map from "^M*^ to ^M'^, then (i) 
TsiLQcj), Liip) := to(f) + J2n>o is a graded Hopf algehra map from Tb{M) to 

Tb'{M'). (ii) T^,{(f)iTo,'ijjiTi) := ^ttq + J2n>o'^ni^'^i)^n-i is a graded Hopf algehra map 
from TI^{M) to T^,{M'). 
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Lemma 1.6. Let B and B' be two Hopf algebras. Let M and M' be B-Hopf bimodule 
and B'-Hopf bimodule, respectively. Then the following statements are equivalent: (i) 
There exists a Hopf algebra isomorphism (p : B ^ B' such that M = ^ M'^ as B- 
Hopf bimodules. (ii) Tb{M) and Tb>{M') are isomorphic as graded Hopf algebras, (iii) 
T^[M) and T^,{M') are isomorphic as graded Hopf algebras, (iv) i?[M] and B'[M'] are 
isomorphic as graded Hopf algebras. 

Let Q = {G,Qi, s,t) be a quiver of a group G. Then kQi becomes a fcG-bicomodule 
under the natural comodule structures: 

(5^(a) = t(a) ® a, 6^{a) = a <S) s{a), a E Qi, (1.3) 

called an arrow comodule, written as kQl. In this case, the path coalgebra kQ'^ is exactly 
isomorphic to the cotensor coalgebra T^a{kQl) over kG in a natural way (see [CM] and 
|CRlj ). We will regard kQ'^ = T^Q{kQ1) in the following. Moreover, when G is finite, 
kQl becomes a (/cG)*-bimodule with the module structures defined by 

p ■ a := {p,t{a))a, a ■ p := {p, s{a))a, p & (kG)* ,a E Qi, (1.4) 

written as kQ^, called an arrow module. Therefore, we have a tensor algebra Ti^kcyikQI). 
Note that the tensor algebra T^kG)*{kQi) of ^Qi over {kG)* is exactly isomorphic to the 
path algebra kQ"'. We will regard kQ" = T(^kG)* (kQi) in the following. 

Assume that Q is a finite quiver on finite group G. Let C,kQ^ denote the linear map 
from kQl to {kQ\)* by sending a to a* for any a E Qi and ^kQi denote the linear map 
from kQ\ to {kQD* by sending a to a* for any a E Qi. Here {a* \ a* E {kQi)*} is the 
dual basis oi {a \ a E Qi}. 

Lemma 1.7. Assume that Q is a finite Hopf quiver on finite group G. Then 

(i) If (M, a", a"^, 5^) is a finite dimensional B-Hopf bimodule and B is a finite 
dimensional Hopf algebra, then (M*, 5"*, 5"^*, a"^*) is a B*-Hopf bimodule. 

(ii) If {kQl, a~ , a~^, 6^, 6^) is a kG- Hopf bimodule, then there exist unique left {kG)*- 
comodule operation 5^Qa and right {kG)* -comodule operation 5^Qa such that {kQ", a^ga, a^Q 
5^Qa, ^kQi) becomes a {kG)* -Hopf bimodule and ^kQi becomes a {kG)* -Hopf bimodule iso- 
morphism from {kQ",a'^Qa,a'I^Qa,6j^Qa,6'^Qa) to {{kQl)*,6~*,6^*,a~*,a'^*). 

(iii) If {kQl, a~ , , 5^, b^) is a {kG)*- Hopf bimodule, then there exist unique left kG- 
module operation a^Qc and right kG -module operation a^gc such that {kQl, Oi'^qc, Oi^qc, 5^qc 
(5^Qc) become a kG-Hopf bimodule and E,kQi becomes a kG-Hopf bimodule isomorphism 
from {kQl,a^Qc,atQc,6^Q.,6^Q.) to {{kQl)*,6-*,6+*,a-*,a+*). 

(iv) ikQi is a {kG)*-Hopf bimodule isomorphism from {kQl, cy.'^qa, a'lqa, 5~j^Qa, S^qa) to 
{{kQD* , 6'i^Qc* , S'^Qc* , a'^Qc* , a'l^Qc*) if and only if ^kQi becomes a kG-Hopf bimodule iso- 
morphism from (fcQ^afcQc,a+Qc,5^Qc,5+Qc) to {{kQD*, S^^a* , Sl^a* , a^qa* , a-^Qa*) . 
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Proof. It is easy to check (i)-(iii). Now we show (iv). Let A := kQI, B := kQ\. Let 
aB denote the canonical hnear isomorphism from B to B** by sending h to h** for any 

b e B, where < b**,f >=< f,b> for any f e B* . li A = B* as {kG)*-}lopf bimodules, 

then B = B** = A* as /cG-Hopf bimodules. It is easy to check = {^aY'c^b- Therefore 

C,B is a /cG-Hopf bimodule isomorphism. Conversely, if B = A* as A;G-Hopf bimodules, 
we can similarly show that A = B* as (A;G)*-IIopf bimodules. □ 

Theorem 2. (see \CR1\ Theorem 3.3] and \CRS\ Theorem 3.1]) Let Q he a quiver 
over group G. Then the following two statements are equivalent: 
(i) Q is a Hopf quiver. 

(a) Arrow comodule kQ\ admits a kG-Hopf bimodule structure. 
Furthermore, if Q is finite, then the above are equivalent to the following: 
(Hi) Arrow module kQI admits a {kG)* -Hopf bimodule structure. 

Assume that Q is a Hopf quiver. It follows from Theorem [2] that there exist a 
left kG-modvle structure a~ and a right A;G-module structure a+ on arrow comod- 
ule {kQ\,5',5^) such that {kQ\, a~ , , 5^ , 5^) becomes a /cG-Hopf bimodule, called 
a A;G-Hopf bimodule with arrow comodule, written (fcQ^, a~, a"*") in short. We obtain 
three graded Hopf algebras TkcikQl), T^Q{kQ\) and kG[kQ'i\, called semi-path Hopf al- 
gebra, co-path Hopf algebra and one-type-co-path Hopf algebra, written kQ'^[a~,a^), 
kQ^{a~ ,a^) and fcG[fcQ^, a~, respectively. Dually, when Q is finite, it follows 
from Theorem [2] that there exist a left (fcG)*-comodule structure 5~ and a right {kG)*- 
comodule structure on arrow module {kQ1,a~ ,a~^) such that {kQ1,a~,a~^,6~,6^) 
becomes a (/i;G)*-Hopf bimodule, called a (A;G)*-Hopf bimodule with arrow module, writ- 
ten {kQI, 6^, (5+) in short. We obtain three graded Hopf algebras T(^kG)* {kQD , T^^^jyiJiQI) 
and {kG)*[kQf\, called path Hopf algebra, semi-co-path Hopf algebra and one- type-path 
Hopf algebra, written 5+), 5+) and {kG)*[kQ1,ai,a^], respectively. We 

call the six graded Hopf algebras the quiver Hopf algebras (over G) . We usually omit the 
(co)module operations when we write these quiver Hopf algebras. 

If E,kQi oi ^kQi is a Hopf bimodule isomorphism, then, by Lemma 11.61 and Lemma 
11.71 T'(fcG)*(io, '■i^fcQj) and T^(j(nQ,S,kQi'^i) are graded Hopf algebra isomorphisms from 
TikcAkQl) to ^kGY{{kQ\y) and iiomT^(,{kQl) to T^^^iikQlY) , respectively; T^koyi-Ko, 
^/cQjTTi) and TkG{,i-o, iiikQi) are graded Hopf algebra isomorphisms from T^j^^yikQI) to 
^{fcG)*((^<5i)*) and from TkcikQl) to TkaiikQl)*), respectively. In this case, {kQI, kQl), 
{kQ"-, kQ'^) and {kQ^ , kQ^^) are said to be arrow dual pairings. 

If {kQI, a~ , a'^, 5^ , 5+) is a PM A;G-Hopf bimodule, and {kQI, kQI) is an arrow pairing, 
then {kQI, a~* , a^*) is called a PM (fcG)*-Hopf bimodule and six quiver Hopf algebras 
induced by kQI and kQ^ are called PM quiver Hopf algebras. 
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Now we are going to describe the structure of all PM A;G-Hopf bimodules and the 
corresponding graded Hopf algebras. 

Definition 1.8. (G, r, is called a ramification system with characters (or KSC 

in short ), if r is a ramification of G, u is a map from K,{G) to G with u{G) G G for any 
G e IC{G), and ^ = {Xc }ie/c(r),cec.{G) e Uc&Kr{G)i^HC))'"' ^^^^ Xc ^ ^«(C) for any 

ieIc{r),GelCr{G). _^ 

RSC((j, r, ~x, u) and RSC(Cj', r', x'? "^0 o,re said to he isomorphic if the following con- 
ditions are satisfied: 

• There exists a group isomorphism (p : G ^ G' . 

• For any G E JC{G), there exists an element he E G such that (f)(h'^^u{G)hc) = 
u'{<P{G)). 

• For any G G ICr{G), there exists a bijective map (pc '■ -^c(^) ~^ I<i>{C){r') such that 
X'%f\<p{h-c^hhc)) = X^Sih) for all h G and i G /c(r). 

Remark. Assume that G = G', r = r' and u{G) = u'{G) for any G G }Cr{G). If there 
is a permutation (pc on Ic{r) for any G G }Cr{G) such that x'c'^*"*'*'' = Xc ^ ^ ^c{r), 

then obviously RSC((j, r, x^, m) = RSC(G, r, x' yu). 

Proposition 1.9. If N is a PM kG-Hopf bimodule, then there exist a Hopf quiver 
{Q, G, r), an RSC(G, r, x^, u) and a kG-Hopf bimodule {kQ\, a", a"*") with 

<^-{h ® a» ) := h . a» = a« ® h) := a» ■ h = X^SiUh))a%^, 

where x,y,h E G with x^^y = gg^u{C)gg, (e is given by (10.31) . G E /C^.(G') and i E Ic{r), 
such that N = {kQ\, a", a'^) as kG-Hopf bimodules. 

Proof. Since is a PM /cG-Hopf bimodule, there exists an object HceACCG) ^(C*) 
in Y\c&K{G) -^kz^^c) ^^'^^ ^^^^ M{C) is a pointed A;Zu(c)-module for any G E /C(G) and 
N = V{{M{G)}ceKiG)) = e,=,-.(c)s«, .,y^G ^ ® M{G) 9e as A;G-Hopf bimod- 

ules. Let r = X]cg^{g) ^c*^ with = dimM(G) for any G E 1C{G). Notice that 
dimM(G) denotes the cardinal number of a basis of a basis of M{G) when M{G) is in- 
finite dimensional. Since (M(G),ac) is a pointed A;Z„(c) -module, there exist a A;-basis 
{x^'* I i E Ic{r)} in M{C) and a family of characters {xc ^ ^m(c) I i £ Ic{f)} such that 
ac{x^c ®h)= x'^^ < h = Xc'W^cj ^ ^ ^G{r) and G 

We have to show that {kQl, a", q;+) is isomorphic to 0y=g-i„(c)ge, x.yeG 3;(S)M(G)(8)fcz^(pj 
(7e as fcG-Hopf bimodules. Observe that there is a canonical fcG-bicomodule isomorphism 
if-.kQi^ ®y=g-^^^c)ge, x,yeG ^ ® M{G) ®kz^^a) 9e given by 

<^(4i) =x'»Xc ®kz^(c) 9e (1-5) 
where x,y E G with = gQ^u{G)gg, G E K,r{G) and i E Ic{r). Now we have 
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(^(a {h (g) aW )) = (^(ag^^^) = hx ® xj^^ ®fcz„(c) 

= /i ■ (x ® ®fc^„(c) (see ([L2l)) 

and 

(since /igf^;^ = gg^CeW and y/i = xhgg^u{C)g0>) 
= (x (g) x[^^ ®fcz„(c) S'e) ■ ^ (see (O)) 
= <^(aE)"^' 

where x,y,h E G with x^^y = gQ^u{C)gg, (g is given by (10.31) . C E K,r{G) and i E Ici^). 
Consequently, <y9 is a /cG-Hopf bimodule isomorphism. □ 

Let {kQl,G,r,~x,u) denote the A;G-Hopf bimodule {kQl,a~ ,a~^) given in Lemma 
II. 9[ Furthermore, if {kQI, kQI) is an arrow dual pairing, then we denote the (A;G)*-Hopf 
bimodule kQ^ by {kQ1,G,r,~x ,u)- We obtain six quiver Hopf algebras kQ'^{G,r,~x ,u), 
kQ\G, r, ^, n), kG[kQl, G, r, ^, m], A;Q'^(G, r, ^, m), A;Q-(G, r, ^, n), (fcG)*[fcQ?, G, r, ^, 
u], called the quiver Hopf algebras determined by RSC(G, r, 

From Proposition 11.91 it seems that the right fcG-action on (kQ1,G,r, ~x,u) depends 
on the choice of the set {gg \ 9 E Qc} of coset representatives of Zu(c) in G (see, Eq.f lO.ll) ). 
The following lemma shows that {kQ1,G,r,~x,u) is, in fact, independent of the choice 
of the coset representative set {gg \ 9 E ©c}; up to kG- Hopf bimodule isomorphisms. 
For a while, we write {kQ'i,G,r,~x,u) = {kQl,G,r,~x ,u, {gg}) given before. Now let 
{hg E G \ 9 E ©c} be another coset representative set of Zu(c) in G for any G E fC{G). 
That is, 

G= U Zui^c)hg. (1.6) 

Lemma 1.10. With the above notations, {kQl,G,r,~x,u,{gg}) and {kQl,G,r,~x ,u, 
{hg}) are isomorphic kG-Hopf bimodules. 

Proof. We may assume Zu(c)hg = Zu(c)ge for any G E IC{G) and 9 E ©c- 
Then gghg-^ E Zu{c)- Now let x,y,h E G with x~^y = gg^u{G)gg. Then x^^y = 
hQ^{gghg^)-^u{G){gghg^)hg = hQ^u{G)hg and hgh = ihggg^)ggh = {hggQ^)Cg{h)ggi = 
ihggQ^)(g(h){gg'hg^)hg' , where ggh = (g{h)ggf. Hence from Proposition 11.91 we know that 
the right /cG-action on {kQI, G, r, 'x, u, {hg}) is given by 

ayi-h = Xc\ihggg^)Cg{h){gg'hg,^))a^yl^f^ 

= X^Sii9ehgY')x'§iCeih))x'§igg'h-,')af,^^,, ^eIc{r). 
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However, we also have 



(xh) (yh) = h (x y)h = h u^Qgeh = g^, u{C)g0'. 



It follows that the A;-linear isomorphism / : kQi 



kQi given by 



for any x,y E G with x~^y = g^ u{C)g0, C G ICriG) and i G Icij), is a /cG-Hopf bimodule 
isomorphism from {kQ\, G, r, 'x, u, {ge}) to {kQi, G, r, ~x, u, {hg}). □ 

Now we state one of our main results, which classifies the PM (co-)path Hopf algebras, 
PM semi-(co-)path Hopf algebras and PM one-type-path Hopf algebras. 

Theorem 3. Let (G,r,~x ,u) and (G", r', x', m') are two RSC's. Then the following 
statements are equivalent: 

(i) RSC{G,r,^,u) = RSC(G",r', 

(ii) There exists a Hopf algebra isomorphism cf) : kG kG' such that {kQi, G, r, ~x, u) = 
{{^Q'l^y G', r', x' , u'))^ as kG-Hopf himodules. 

(iii) kQ%G,r,^,u)^kQ'\G,r,^,u). (iv) kQ^{G,r,^ ,u) ^ kQ'\G' y ,u'). 

(v) kG[kQ'i,G,r,^M=kG'[kQ',^,G',r',ll',u']. 

Furthermore, if Q is finite, then the above are equivalent to the following: 

(vi) fcQ"(G,r,^,M) = kQ'\G'y,^',u'). (vii) kQ^%G,T,^,u) - kQ''\G' y ,u'). 
(viii) {kG)*[kQl,G,r,~x.u] = {kG'y[kQ['',G',r',~x',u']. Notice that the isomorphisms 
above are ones of graded Hopf algebras but (i) (ii). 

Proof. By Lemma [1.61 and Lemma [1.7^ we only have to prove (i) -v^ (ii). 

(i) =^ (ii). Assume that RSC(G, r, 'x-, u) = RSC(G', r', x" ,u'). Then there exist a group 
isomorphism (f) : G ^ G', an element he E G such that (p{h^^u{G)hc) = u'{(f){G)) for any 
G G IC{G) and a bijective map (pc '■ Ic{f) ~^ l4>(c){^') such that x'^^(c)^\4'{h'^'^hhc)) = 
XcW for any h G ^n(c), G G ICr{G) and i G Ic{r). Then (f){h'c^ Zu(c)hc) = Zu'{4,{c)) and 
(f) : kG kG' is a Hopf algebra isomorphism. Now let G = Ueeec Zu{c)9e be given as 
in (10. 2p for any G G /C(G), and assume that the fcG-Hopf bimodule {kQ\, G , r ,~x , u) is 
defined by using these coset decompositions. Then 



is a coset decomposition of Zu'{,j,{c)) in G' for any 0(C) G /C(G'). By Lemma ILlOl 
we may assume that the structure of the /cG'-Hopf bimodule {kQ['^, G', r', 'x', u') is ob- 
tained by using these coset decompositions (II. 7p . Define a /c- linear isomorphism ip : 




(1.7) 



(A;Qi, G, r, u) {kQ[, G', r', u') by 



{<t>c(i)) 
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for any x,y E G with x^^y = gQ^u{C)g0, and i E Ic{'^)-, where C E }Cr{G) and geh^^ = 
Ce{h'^^)gn with Cel^c^) ^ ^u(c) and 6,1] E 6c- It is easy to see that is a /cG-bicomodule 
homomorphism from {kQ'{,G,r,~x ,u) to ^ {kQ['^,G',r',~x',u')'^ . Since {hx)~^{hy) = 
x~^y for any x,y,h E G, it follows from Proposition 11.91 that is also a left A;G'-module 
homomorphism from {kQl, G, r, 'x, u) to ^ {kQ\'^, G, r, 'x, u)'^ . 

Now let x,y,h E G with x~^y = gQ^u{G)ge, G E fCr{G) and 6 E ©c- Assume that 
9ehc^ = Ce{,hl})g^, geh = Ceih)ge>, g^{hchhc^) = Cv{.hchhc^)g^, and ge^h^^ = Ce'(^c^)fi'e" 
with Ce(^c^)' Ce{h), (^^{hchh^^), Ce'(^c^) ^ ^«(c) and i], 9', r]', 6" E Qc- Then we have 

gohh^^ = Ceih)ge'hc^ = C^g[h)Ce>{,hl})ge» 

and 

gehh^^ = {g0h'^^){hchhl}) = Ce{,hc^)gr,{,hchhl}) = Ce{.K})Cri{hchhl})gr^i . 

It follows that 6" = rj' and 

Ce{h)Ce'{ha') = Ce{hc')Uhchh^'). (1.8) 

By Proposition 11.91 ay^x ■ h = Xc\(s{h))ayl for any i E Ic{^)- Moreover, we have 
{xh)^^{yh) = h^^ gg^u{G)geh = gQ,^u{G)ge'- This implies that 

On the other hand, we have ge = geh^j^hc = Ce(^c^)5'r?^c, and hence 

(j){x)-^(j){y) = (f){x'^y) = (j){gg^u{G)g0) = (j){h'^^g-\{G)gr,hc) 
= (t){.h'(j^g^^hc)(l){hc^u{G)hc)(t){hc^g^hc) 
= (P{hc'g,hcr'u'{(P{Gmhc'g,hc). 

We also have 

(t){h^^ gr,hc)(t){h) = (t){hc^gr,hchhc^hc) 

= (l)ihc^Cvihchhc^)grj'hc) 

= (t){.hc'Cv{hchhl})hc)(t){hl}g^,hc). 

Thus by Proposition 11.91 one gets 

Now it follows from Eq. fll.Sp that 

= ip{ayi ■ h). 
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This shows that is a right fcC-module homomorphism, and hence a /cG-Hopf bimodule 
isomorphism from {kQl,G,r, 

(ii) =^ (i). Assume that there exist a Hopf algebra isomorphism (p : kG — > kG' and a 
/cG-Hopf bimodule isomorphism ■?/': (/cQi, G, r, x^, -u) ^ ^ {kQ['^,G',r',~x'ju')'^ ■ Then 
: G ^ G' is a group isomorphism. Let G G /C(G). Then 0(m(G)), m'(0(G)) G 0(G) G 
/C(G'), and hence u'{(j){C)) = 0(/ic)"V(m(C))0(/^c) = (l)ihc^u{C)hc) for some /ic e 
Since is a fcG'-bicomodule isomorphism from "^{kQI, G, r, 'x, u)'^ to {kQ['', G', r', «') 
and (p{hQ^u{C)hc) = u'{(j){G)), by restriction one gets a A;-linear isomorphism 

We also have a A;-linear isomorphism 

fc ■■ ""^^XkQiY ^~c''^^^^^{kQiY, x^hc^-x- he. 

Since (j){hc^u{C)hc) = ^i'(0(G)) and hc^Zu{c)hc = one gets (j){hc^ Z^^Qhc) = 

'^u'(</)(C))- Hence and /ic induce an algebra isomorphism 

Using the hypothesis that is a /cG-bimodules homomorphism from {kQ^, G, r, "x , u) to 
(f,{kQ']^, G', r', it')<^, one can easily check that the composition ■0c/c is a right kZu{c)- 
module isomorphism from "(^)(A;gi)i to ("'^'^(^)\A;g;)^)^^. Since both "(^)(A;Qi)^ and 
are pointed right fcZ„(c)-modules, they are semisimple /cZ'a(c)-modules 
for any G G /Cr(G). Moreover, ka^^^^^^^ ^ and 1 are simple submodules of "*^'"\A;Qi)^ 

and {'''^'''^'^^\kQ[y)ac, respectively, for any i G Ic{r) and j G /<^(c)(r'), where G G ICr{G). 
Thus for any G G KriG), there exists a bijective map (pc '■ ^cij') I(t>{C)ij'') such that 
^^ulc) 1 ^^'^ (^^u/i<p(c)) i)'^c isomorphic right A;Z„(c)-modules for any i G Ic{f), which 
implies Xc\^) = x'^^(c)^\(p{hc^hhc)) for any /i G ^u(C) and i G Ic{f)- It follows that 
RSC(G, r, h) ^ RSC(G', r', tz')- □ 

Up to now we have classified the PM quiver Hopf algebras by means of RSC's. In 
other words, ramification systems with characters uniquely determine their corresponding 
PM quiver Hopf algebras up to graded Hopf algebra isomorphisms. 

Example 1.11. Assume that k is a field with char{k) ^ 2. Let G — {V^g) = Z2 
he the cyclic group of order 2 with the generator g. Let r be a ramification data of G 
with ri — m and r^^g^ — and {Q, G, r) be the corresponding Hopf quiver, where m 



is a positive integer. Then ^{QiY — | i — 1,2,- •• ,m}, ^{QiY — {ag,g 

1, 2, • • • , m}, ^{QiY and ^{QiY are two empty sets. For simplification, we write Xi — a 
and yi — ag}g for any 1 < i < m. Clearly, = G and G — {x+,X-}> "where 



1,1 



X±{9) = ±1- For any < n < m, put xl e (G)"" with Xn{i 



} 



X-, ifi>n; 
X+, otherwise. 
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Then {KSC {G,r,x^,Un) \ n = 0, 1,2, ■■■,m} are all non-isomorphic RSC's. Thus 
by Theorem we know that the path coalgebra kQ'^ exactly admits m + 1 distinct PM 
co-path Hopf algebra structures kQ'^{G,r,x^,Un) , < n < m, up to graded Hopf al- 
gebra isomorphism. Now let < n < m. Then by Proposition \1.9\, the kG-actions 
on {kQl,G,r,x^,Un) are given by g ■ Xi = yi, g ■ yi = Xi, 1 < i < m; Xi ■ g = 

-yi, if i > n, ( — Xj, if i > n, m—i 

yi ■ g = \ Thus by \CR1\ p. 245 or Theo- 

yi, otherwise, 1 Xj, otherwise. 

rem 3.8], the products of these arrows Xi,yj in kQ'^{G,r,x^,Un) can be described as fol- 
lows. For any i,j = 1,2, ■ ■ ■ ,m, Xi.xj = XiXj + xjXi, yi.xj = ytyj + y^y^ Xi.yj = 

-{yiVj + yjyi) , ifi>n, \ -{xiXj+XjXi) , ifi>n, 

yi.yj = < where x.y 

ViVj + UjUi ) otherwise, 1 XiXj + XjXi , otherwise, 

denotes the product of x and y in kQ^{G,r,x^,Un) for any x,y & kQ'^{G,r,xt,Un) , XiXj 

and yiijj denote the 2-paths in the quiver Q as usual for any 1 < i, j < rn. 



2 Multiple Taft algebras 

In this section we discuss the PM quiver Hopf algebras determined by the RSC's with 
}Cr{G) C Z{G). We give the classification of PM Nichols algebras and multiple Taft 
algebras by means of element system with characters when G is finite abelian group and 
k is the complex field. 

Let r be a ramification data of G and {Q, G, r) be the corresponding Hopf quiver. If C 
contains only one element of G for any C G }Cr{G), then C = {g} for some g G Z{G), the 
center of G. In this case, we say that the ramification r is central, and that RSC(G', r, 'x, u) 
a central ramification system with characters, or a CRSC in short. If RSC(G', r, is 
CRSC, then the PM co-path Hopf algebra kQ^{G,r,~x ,u) is called a multiple crown 
algebra and kGlkQI, G, r, 'x, u] is called a multiple Taft algebra. 

Definition 2.1. {G,~g,~x,J) is called an element system with characters {simply, 
ESC) if G is a group, J is a set, ~g = {gi}i(zj G Z{GY and 'x = {XijieJ ^ G"^ '^'^^h 
gi G Z{G) andxi £ G. ESC(G', ~g, 'x, J) andESC{G' , g' , x', ^7') are said to be isomorphic 
if there exist a group isomorphism (p : G —>■ G' and a bijective map a : J ^ J' such that 
<P{9i) = g'aii) and = Xi for any i G J. 

ESC(G, ~g, 'x, J) can be written as ESC(G', gi, Xi', i & J) for convenience. Throughout 
this paper, let qji := Xi{.9j)i <?« = la and Ni be the order of qi {Ni = oo when is not a 
root of unit, or qi = 1) for i,j G J. 

Let H he a Hopf algebra with a bijective antipode S. A YD iZ-module V is pointed 
if V = or is a direct sum of one dimensional YD i7-modules. If y is a pointed YD 
if-module, then the corresponding Nichols algebra B{V) is called a PM Nichols algebra. 
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Lemma 2.2. Let (V, a ,6 ) be a YD kG-module. Then (V^a ,5 ) is a pointed YD 
kG-module if and only if {V, a~) is a pointed {left) kG-module with 5~{V) C kZ{G) V. 

Lemma 2.3. Assume that G is a finite abelian group of exponent m. If k contains 
a primitive m-th root of 1, then every YD kG-module is pointed and Nichols algebra of 
every YD kG -module is PM. 

Proof. It follows from Lemma 11.21 and Lemma I2.2[ □ 

Let {G,gi,Xi',i ^ J) be an ESC. Let be a /c-vector space with dim(V) = |J|. Let 
{xi I i G J} be a basis of V over k. Define a left /^G-action and a left /^G-coaction on V 
by 

9-Xi = Xii9)xi, 5~{xi) = giiS)Xi, i E J, g E G. 

Then it is easy to see that is a pointed YD /cG-module and kxi is a one dimensional 
YD fcG-submodule of V for any i E J. Denote by V{G, gi,Xi',i £ J) the pointed YD 
/cG-module V. Note that V{G, gi, Xi', i & J) = if J is empty. 

Proposition 2.4. V is pointed YD kG-module if and only if V is isomorphic to 
V{G,gi,Xi; i G J) for some ESC {G,gi,Xui G J)- 

Proof. If r ^ V{G,gi,Xi;i e J) for some ESC {G,gi,Xi;i G J) of G, then V is 
obviously a pointed YD fcG-module. Conversely, assume that is a nonzero pointed YD 
/cG-module. By Lemma 12. 2[ V = ^g^z{G) ^^'^ ~ {"^ ^ V\5~{y) = g ^ v} is a 
pointed YD /cG-submodule of V for any g E Z{G). Let g E Z{G) with 7^ 0. Then 

is a nonzero pointed /cG- module. Hence there is a fc-basis {xj | i G J^} such that kxi 
is a A;G-submodule of Vg for any z G Jg. It follows that there is a character Xj G G for 
any i E Jg such that h ■ Xi = Xi{h)xi for all h E G. For any i G J^, put (7^ = (7. We 
may assume that these index sets Jg are disjoint, that is, Jg H Jh = for any g ^ h m. 
Z{G) with Vg ^ and \4 7^ 0. Now let J be the union of all the Jg with g E Z(G) and 
Vg ^ Q. Then one can see that (G, (^j, x*; i E J) is an ESC of G, and that V is isomorphic 
to V{G, gi, Xi', i G J) as a YD kG-modu\e. □ 

Now we give the relation between RSC and ESC. Assume that {G,gi,Xi'-,i G J) is an 
ESC of G. We define a binary relation ~ on J by 

i ^ j ^ 9i = 9j, 

where i,j E J. Clearly, this is an equivalence relation. Denote by J/ ~ the quotient 
set of J modulo ~. For any i E J, let [i] denote the equivalence class containing 
i. That is, [i] '■= {j E J \ j ^ i}. Choose a subset J (1 J such that the assign- 
ment i I— > [i] is a bijective map from J to J/ ~. That is, J is a set of represen- 
tative elements of the equivalence class. Then J = IJiejM ^ disjoint union. Let 
r^g-j = \[i]\ for any i E J. Then r = Yli£j''^{gi}{9i} is a central ramification of G 
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with /{g,}(r) = [i] for i e J. Moreover, /C,.(G') = {{gi} \ i E J}. Put X{g^} '■= Xj 
for any i E J and j G [i]. We obtain an CRSC, written CRSC(G', r(5fj, ? G J), 
'xiOijXii'i ^ J)j'^)- Let {Q,G,r) be the corresponding Hopf quiver with r = r{gi,Xi',i G 
J) and denote by {kQI, gi,Xi',i G J) the fcG-Hopf bimodule (fcQi, G, t, x^, -u). Denote by 
kQ'^{G, gijXi'ji £ </) and kG[kQl,G, gi,Xui G J] the corresponding multiple crown al- 
gebra kQ'^{G,r,~x ,u) and multiple Taft algebra kG[kQ1,G,r,~x,u], respectively. We 
also denote by kQ''{G, gi,Xi;i e J), kQ'"'{G, gi,Xi;i e J), kQ^ (G , gi, xu i e J) and 
{kG)*[kQ1, G, gi, xf-, i ^ J] the corresponding path Hopf algebra kQ"'{G, r, 'x, u), semi-co- 
path Hopf algebra kQ^'^{G, r, "x , u), semi-path Hopf algebra kQ^{G, r, "x , u) and one-type- 
path Hopf algebra {kG)*[kQi, G,r,^,u\, respectively. 

Conversely, assume that (G, r, "x , li) is a CRSC. We may assume I{g}{r) fl /{?i}(r) = 
for any {^r} 7^ {h} in A:r(G'). Let J := U{3}g^c,(g) For any i G J, put g^j := g and 

— xfg} if ^ e -^{ff} (0 with {g} G A:r(G'). We obtain an ESC, written ESC(G', "^(r, ^, 

Prom now on, assume I{g}{r) fl I{h}{r) — for any {g}, {h} G lCr{G) with {g^} 7^ {/i}. 
Note that, in two cases above, for any i,j G /{(,}(r), we have 

9^ = 9, = 9, «^!i = «Si' xg} = xg} = X.- (2.1) 
Throughout this paper, let Ej := a^J^^i for any j G J. 

Proposition 2.5. CRSC(G, r, x", = CRSC(G', r', ^, m') if and only if ESC{G, 
'g{r,X,u), ^{r,^,u),J) ^ ESC(G",7(r',?, u'),^ {r' ,^ ,u'), J'). 

Proof. We use notations above. If CRSC(G', r, ^, «) ^ CRSC(G', r', then 
there exists a group isomorphism (p : G ^ G'; for any C G /Cr(G), there exists a bi- 
jective map (j)c '■ Ic{f) — > I^(c){r') such that x'^^cf^V = Xc ■ Let a be the bijection 
from J to J' such that a{i) — (pcii) for any C G K,r{G), i G Ic{r)- It is clear that 
</'(^j) = and x^(j)0 = Xj for any j G J. Thus ESC(G', "^(r, 'x, u), ^(r, ^, u), J) = 

ESC(G',7(r', ?(r', J')- 

^ Conversely, if ESC(G', ^(r,^,«), ^{r,^,u),J) ^ ESC{G' , 7 {r' , ^ ,u'), 
x'(r', x', w'), J'), then there exist a group isomorphism (f) : G ^ G', a bijective map 
a : J ^ J' such that (f){gj) = g'^^^.^ and X^o)^ = Xj for any j G J. For any G = {g^i} G 
lCr{G),j G IciT^), we define (pc — cr \ic{r) and have 

x'itcS^'^V - xtif = X'.O)0 = X, = xg^ □ 

If (G, Xi; i G J) is an ESC, then {kQI, G, gi, Xu i G J) is a /cG-Hopf bimodule with 
module operations a" and Define a new left /cG-action on kQi by 

> X := • X • g'"^ g eG,xe kQi, 
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where g ■ x = a^{g ^ x) and x ■ g = a'^{x ® g) for any g E G and x G kQi. With this 
left /cG-action and the original left (arrow) /i;G-coaction kQi is a YD /cG-module. Let 
Q\ := {a G Qi I s(a) = 1}. It is clear that kQ\ is a YD fcG-submodule of fcQi, denoted 
by {kQ\,ad{G,gi,Xi;i e J)). 

Lemma 2.6. {kQ\,ad{G,gi,Xi','i ^ ^)) a't-c? V{G,gi,Xj^'^',i G ^) o'^e isomorphic YD 
kG-modules. 

Proof. By definition, V {G^ gi^xj^'i'^ ^ ^) has a A;-basis {xj | i G J} such that 
5~{xi) = gi®Xi and g ■ Xi = x7^i9)^i ^oi alH G J and g E G. By Proposition 11.91 for any 
j G J, we have that g >ci^g^^i = Xj{9~^)0'^gli and ^"(ag'^.^i) = fi'j ® O'g'^^i- It follows that there 
is a YD fcG-module isomorphism from {kQ\,ad{G,gi,Xui ^ -J)) to V{G, gi,Xi^^',i E J) 
given by a^'^.^j^ t— > a;^ for any j E J. □ 

Lemma 2.7. Let 5 and B' be two Hopf algebras with bijective antipodes. Let V be 
a YD B-module. Assume that there is a Hopf algebra isomorphism cj) : B' ^ B. Then 
B{V) = V) as graded braided Hopf algebras in %yV. 

Theorem 4. Assume that (G, gi, Xu i E J) and {G', g^, Xi', i E J') are two ESC 's. Then 
the following statements are equivalent: 

(i) ESC(G,^7„x.;^ e J) = ESC{G',g'„x',;t e J'). 

(ii) CRSC{G,riG,g„x^■,^EJ), ^{G, g„x^■,^ E J),u) ^ CRSC{G',r'{G',g'„x',■,^ E 
J'), ^{G',g'„x'i■,^EJ'),u'). 

(iii) There is a Hopf algebra isomorphism : kG kG' such that V{G, gi,Xi', i E 
J) ^ fW\G'g[,x'i\ ^ e J') as YD kG-modules. 

(iv) There is a Hopf algebra isomorphism cf) : kG kG' such that B{V{G, gi,Xi', 
iEJ))= f^B{V\G\glx'i; i e J')) as graded braided Hopf algebras m l^yD. 

(v) There is a Hopf algebra isomorphism (j) : kG —>■ kG' such that {kQ\, ad{G, gi, Xf, i E 
J)) ^ '^^'\kQ'\,ad{G',g'i,x'i;i ^ J')) as YD kG-modules. 

(vi) kG[kQ1,G,g,,x^■,^^ J] = kG'[kQ"i,G',g'^,x-;^^ J']- 

Proof. We use he notations before Proposition 12.51 

(i) =^ (ii). There exist a group isomorphism (p : G —>■ G' and a bijective map a : J ^ J' 
such that (p{gj) = g'^(^j) and x'a{j)'P = Xj ^^i any j E J. For any G = {gi} E /C,.(G) and 
j E Ici^), we have g^ = gj and 



= X{g^} = X] = XaU)(P 

~ ^ ~ ^ mg^)} ^ ~ ^ Hc) ' 



(ii) =^ (i). There is a group isomorphism (j) : G G' and a bijection (pc '■ Ic{f) 

/4>cU) 
4>{C) 



h{C){r') such that x"t'(c)^ = *^ = ^ ^r{G), j E Ic{r). Define a map 
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(7 : J ^ J' such that a \ic{r)= <Pc for any C G ICriG). Thus a is bijective. For any 
C = {gi} G ICr{G) and j G I{g,}{r), we have = (f){gi) = g'^^^.^ and = 

= = ^{1} = This shows that ESC(G, X , J) = ESC(G", 7, ?, J')- 

(i) ^ (iii). Let V := 1/(G,c/„Xi; ^ e J) and V := 1/'(G"^^,x-; i e J'). By definition 
V has a fc-basis {a;^ | z G J} such that g ■ Xi = Xi{9)^i ^"^^ S'i^i) = gi ® Xi for any 
z G J and g E G. Similarly, V' has a fc-basis | j G J'} such that h ■ yj = x'j{h)yj and 
"^"(z/i) = 9j ® for all j G J' and h G G". 

Assume ESC(G', ~g, 'x, J) = ESC(G", g' , x', J')- Then there is a group isomorphism 
(p : G ^ C and a bijective map a : J ^ J' such that 0(5^4) = fi'^^j-) and x'o-(i)0 = Xi foi' any 
i E J. Hence : kG kG' is a Hopf algebra isomorphism. Define a fc-linear isomorphism 
if) : V ^ V' hy il){xi) = y^ii) for any i E J. Then it is straightforward to check that ip is 
a YD /eG- module homomorphism from to ^ V. 

Conversely, assume that : kG kG' is a Hopf algebra isomorphism and ip : V ^ 
^ l^' is a YD A;G-module isomorphism. Then : G ^ G' is a group isomorphism. We 
use the notations in the proof of Lemma [22] and the notations above. Then ip{Vg) = V^^^^ 
for any g E G. Since V = V^^ and V = Vg'_, there is a bijection t : J ^ J' 

such that ipiVgP) = V', for any i E J. This shows that (p^gi) = g'^u) and V^- = 4>{y', ) 
as left fcG-modules for any i E J. However, Vg- is a pointed fcG-module and kxj is its 
one dimensional submodule for any j G [i]. Similarly, Vg' is a pointed /cG'-module 
and is its one dimensional submodule for any j G [t(z)]. Hence there is a bijection 
0{p-} : [i] [t(z)] foi' any i G J such that kxj and (t>{ky^^^^(^j)) are isomorphic /cG-modules 
for all j G [i]. This implies that Xj = X^j ^ ^ [^] ^^'^ ? G J. Then the same 

argument as in the proof of (ii) =^ (i) shows that ESC(G, ~g, ~x, J) — ESC(G', g' , J'). 
(iii) -v^ (iv) It follows from Lemma 12.71 (iii) -v^ (v) It follows from Lemma 12.61 (ii) 
(vi) It follows from Theorem [3l □ 

Up to now we have classified Nichols algebras and YD modules over finite abelian group 
and the complex field up to isomorphisms, which are under means of Theorem H] (iv)(iii), 
respectively. In fact, we can explain these facts above by introducing some new concepts 
about isomorphisms. For convenience, if i? is a Hopf algebra and M is a B-Hopf bimodule, 
then we say that {B, M) is a Hopf bimodules. For any two Hopf bimodules {B, M) and 
{B',M'), if is a Hopf algebra homomorphism from B to B' and ip is simultaneously a 
i?-bimodule homomorphism from M to ^M'^ and a i?'-bicomodule homomorphism from 
'^M'^ to M', then (0, ip) is called a pull-push Hopf bimodule homomorphism. Similarly, 
we say that {B, M) and {B, X) are a YD module and a YD Hopf algebra if M is a YD 
i?-module and X is a braided Hopf algebra in Yetter-Drinfeld category ^3^1^, respectively. 
For any two YD modules {B, M) and {B', M'), if is a Hopf algebra homomorphism from 
B to B', and ip is simultaneously a left 5-module homomorphism from M to ^M' and 
a left i?'-comodule homomorphism from "^M to M', then {(p,ip) is called a pull-push YD 
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module homomorphism. For any two YD Hopf algebra {B, X) and {B', X'), if is a Hopf 
algebra homomorphism from B to B', ip is simultaneously a left 5-module homomorphism 
from X to ^X' and a left i?'-comodule homomorphism from '^X to X', meantime, ip also 
is algebra and coalgebra homomorphism from X to X', then (0, ip) is called a pull-push 
YD Hopf algebra homomorphism. 

Consequently, we have classified Nichols algebras over finite abelian group and the 
complex field up to pull-push graded YD Hopf algebra isomorphisms and YD modules 
over finite abelian group and the complex field up to pull-push YD module isomorphisms, 
respectively. In other words, element systems with characters uniquely determine their 
corresponding Nichols algebras and YD modules up to their isomorphisms. 

3 The relation between quiver Hopf algebras and quo- 
tients of free algebras 

In this section we show that the diagram of a quantum weakly commutative multiple 
Taft algebra is not only a Nichols algebra but also a quantum linear space in ^^3^1^; 
the diagram of a semi-path Hopf algebra of ESC is a quantum tensor algebra in l^yV; 
the quantum enveloping algebra of a complex semisimple Lie algebra is a quotient of a 
semi-path Hopf algebra. 

3.1 The structure of multiple Taft algebras and semi-path Hopf 
algebras 

Assume that H = 0j>Q -ff(i) is a graded Hopf algebra with invertible antipode S. Let 
B = -ff(o), and let ttq : H ^ i7(o) = B and Lq : B = H{q) H denote the canonical 
projection and injection. Set uj := idn * (l-oTToS) : H H. Then it is clear that 
{H,6'^,a~^) is a right i?-Hopf module with := (id (8> tto)A and := /i(id C?> ^o)- Let 
R := H'^°^ := {h E H \ S^{h) = h^l}, which is a graded subspace of H. Then it is known 
that R = Im(a;) and A(i?) (1 H ^ R. Hence i? is a left coideal subalgebra of H, and so 
i? is a left i/-comodule algebra. It is well known that i? is a graded braided Hopf algebra 
in with the same multiplication, unit and counit as in H, the comultiplication 

A/j = (cu ® id) A , where the left 5-action apt and left 5-coaction on R are given by 

anib^x) = b x = '^b^i)xS{b^2)), = ^7ro(x(i)) 0x^2), be B, x E R (3.1) 

( see the proof of |Rat Theorem 3]). i? is called the diagram of H, written diag{H). 
Note that diagram R of H is dependent on the gradation of H. By |Ral Theorem 1], the 
biproduct of R and i? is a Hopf algebra, written R^Jl^B, or R^^B in short. The biproduct 
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R^'^i^B is also called the bosonization of R. Furthermore, we have the following well 
known result. 

Theorem 5. (see [M, p. 1530], \ASlf and IRaf ) Under notations above, if H = ®i>QH{i) 
is a graded Hopf algebra, then R is a graded braided Hopf algebra in and R^^B = H 
as graded Hopf algebras, where the isomorphism is := finiidn ® to)- 

Remark: If A be a Hopf algebra whose coradical Ao is a Hopf subalgebra, then it 
is clear that H := grA is a graded Hopf algebra. The diagram of H with respect to 
gradation of grA is called the diagram of A in |AS2l Introduction ]. 

Lemma 3.1. (i) Assume that H and H' are two graded Hopf algebras with B = i7(o) 
and B' = H'^^-^ . Then H = H' as graded Hopf algebras if and only if there exists a Hopf 
algebra isomorphism cp : B ^ B' such that diag{H) = ^ diag{H') as YD B-modules 
and as graded braided Hopf algebras in f 3^^^. 

(a) Let B and B' be two Hopf algebras. Let M and M' be B-Hopf bimodule and 
B'-Hopf bimodule, respectively. Then B[M] = B'[M'] as graded Hopf algebras if and 
only if there exists a Hopf algebra isomorphism (p : B ^ B' such that diag{B[M]) = 
^ diag{B'[M']) as YD B-modules and as graded braided Hopf algebras in %yT>. 

Proof, (i) Assume that ^ is a graded Hopf algebra isomorphism from H to H' . Let 
R := diag{H), R' := diag{H'), (p := C, \b and := C, \r- It is easy to check that is the 
map required. 

Conversely, by Theorem [5l Rj^B = H and R']pB' = H' as graded Hopf algebras. Let 
^ be a linear map from R]pB to R'^pB' by sending r]pb to ip{r)jp(p{h) for any r E R, 
b E B. Let u he a linear map from R'^B' to RipB by sending r'^b' to ip~^{r')^(p^^{b') 
for any r' G R', b' G B' . Obviously, v is the inverse of ^. Since "ip is graded, so is ^. 

Now we show that ^ is an algebra homomorphism. For any r, r' E R,b,b' E B, see 

e/ii?#ij((r#6) ® (r'#6')) = ^(r(6(i) ■ r'))#0(6(2)6') 

= V^(r)(0(6(i))-^(r'))#0(6(2))0(&) 

(since is a pullback module homomorphism 
and an algebra homomorphism. ) 

= ;i^,#B,(e(r#6)®e(rW)- 

Similarly, we can show that ^ is a coalgebra homomorphism. 
(ii) It follows from (i). □ 

Lemma 3.2. (i) {kQ'^{G,r,~x ,u)Y° = span{P \ P is a path with s{P) = 1}. (ii) 
{kGlkQl, G,r,~x ,u]Y° is the subalgebra of kG[kQl,G,r,~x ,u] generated by Q\ as al- 
gebras. (Hi) {kG[kQ1, G, r, ~x, u\)^° ^'^ jj^kG = kG[kQ1, G, r, 'x, u] as graded Hopf algebra 
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isomorphism, (iv) {kQ'^{G,r,~x 
Q\ as algebras. 



CO kG 



is the subalgebra of kG'^{G,r,~x ,u) generated by 



Proof, (i) For a path f3, see that 



= (irf®7ro)A(/3) 



This imphes {kQ^Y° ^'^ = span{f3 | /? is a path with s{l3) = 1}. 

(ii) Since every path generated by arrows in Q\ is of start vertex 1, this path belongs to 
{kG[kQl, G, r, x, Let R := {kG[kQ1, G, r, x, u]Y" and A := the subalgebra 
of kG[kQl,G,r,~x ,u] generated by Q\ as algebras. Obviously, A C R. It is clear that 
a+{Ri^kG) = a+{Ai^kG) = kG[kQ'i,G,r,^ ,u] and a+ is injective. Thus = 
AifkG and R = A. 

(iii) It follows from Theorem [5l 

(iv) We first show (kQ'Y" ''^ = span{/3 | = 1, or /5 = /5„ 0kG Pn-i ®fcG ■ ■ ■ ®fcG A 
with nr=i ■^(A) = 1 aiid /5j G Qi, = 1, 2, ■ ■ ■ ,n;nE Z+}. Indeed, obviously right hand 
side C the left hand side. For any /? = /5„ ®kG Pn-i ®kG " " " ®kG Pi with Pi G Qi, called a 
monomial, define s{P) = nr=i -^lA)- For 7^ u G {kQ^Y° with m ^ A;G, there exist 
linearly independent monomials Mi, U2, ■ ■ ■ , such that m = Yll=i ^i'^i "with 7^ 6^ G 
for z = 1,2,- See = Yll=i^i'^i ® s{ui) = u^l. Consequently, s{ui) = 1 for 
i = 1,2, ■ ■ ■ ,n. This implies that u belongs to the right hand side. 

For any P = Pn <^kG Pn-i ®kG ■ ■ ■ ®fcG /?iwith nr=i"5(A) = 1 and Pi e Qi, i = 
1, 2, ■ ■ ■ , n, we show that P can be written as multiplication of arrows in Q\ by induction. 
When n = 1, it is clear. For n > 1, see P = Pn®kG Pn-i®kG - ■ ■®kGP2-s{Pi)®kG{s{Pi)~'^ ■ 
Pi). Thus P can be written as multiplication of arrows in Q\. Consequently, we complete 
the proof of (iv). □ 

Recall that a braided algebra A in braided tensor category (C, G) with braiding G 
is said to be braided commutative or quantum commutative, if ab = fiG{a ^ b) for any 
a,b E A. An ESC((j, gi, Xi', ^ G J) is said to be quantum commutative if 



for any i,j G J. An ESC(G, gi, xf, « G J) is said to be quantum weakly commutative if 



for any i,jEJ with i ^ j. 

Lemma 3.3. (i) ESC(G, (7^, x^; i G J) is quantum weakly commutative if and only if in 
diag{kG[kQl,G,gi,Xi]i e J]), 



Xi{.gj)Xj{.9i) = 1 



Xi{9j)Xj{9i) = 1 



E,-E, = Xj{gnErEi 



(3.2) 



21 



for any i,jGJ with i ^ j. 

(a) diag{kG[kQ\,G, gi,Xi',i G J]) is quantum commutative in 'l^y'D if and only if 
ESC(G, 5^1, Xi; i G J) is quantum commutative. 

For any positive integers m and n, let 



j^n+m ^^^^ {dn+m, 4+m-l, • • • , ^i) | = Or 1, ^ = u} . 



i=l 



Let d e ]j'^+m Yet A — anttn-i • • • oi e (5„ be an n-path. We define a sequence 
dA = {{dA)r,+m. ■■■ , {dA)i) by 



{dA)i = 



t{ad(i)) , if cij = 0; 

, if (ij = 1, 



where 1 < i < n + m and = Such a sequence dA is called an n + m- 

thin splits of the n-path A. Note that if d{i) — then we regard t{ad{i)) — s{ai), since 
s{ad{i)+i) — s{ai) in this case. 

liO q E k and < i < n < ord{q) (the order of q), we set (O)^! = 1, 



n 
i 



-, where = JJ (n)^ 



(z),!(n-zV' ^li;- ,-1- 

In particular, {n)q = n when = 1. 

Lemma 3.4. /n kQ'^{G,r,^ ,u), assume {g} e K,r{G) and j e /{g}(r). Le^ g := 
X|^j^(g'). Ifii,i2, ■ ■ ■ ,im be non-negative integers, then 



where a™ = zi + ^2 H h im, Ph\g, m) = o!'glh,gm-ih'^^gl-ih,g^-^h ' ' ' ^^alh' A = and 

Pm = EJTi^l^i + ^2 H h ij) ifm>l. 

Proof. We prove the equality by induction on m. For m = 1, it is easy to see that 
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the equality holds. Now suppose m > 1. We have 
. o(^) 

= g/^— 1 (m - l)Ja^-'i+i,g.„. " ^g-L-i (s-, m - 1) (by inductive assumption ) 

~ y V"" -LJg-"gim + l,gim ^ +m- 1 j +m-2 "gO!„_ ^ +1 ^^Q:„_ i J 



''gim + l^gim iJ ) KiJ +i- 1 ^^a^.j +i-2 J ViJ "g^m- 1 + \p<^m- 1 / J 

(by [CRTl Theorem 3.8] 



(i) 



Lemma 3.5. (See lASB, Lemma 3.3]) Let B he a Hopf algebra and R a braided Hopf 
algebra in ^yT> with a linearly independent set {xi . . . ,Xt} C P{R). Assume that there 
exist gj G G{B) (the set of all group-like elements in B) and Xj ^ Alg{B, k) such that 

6{xj) = gj (g) Xj, h ■ Xj = Xjih)xj, for all h ^ B, j = 1,2, ■■■ , t. 

Then 

{x^^x^ ■ ■ ■ I < m^- < Nj, 1 < J < t}. 

is linearly independent, where Ni is the order of qi := Xiidi) ( Ni = oo when qi is not a 
root of unit, or qi = 1 ) for 1 < i < t. 

Assume that {G,gi,Xi',j G J) is an ESC. Let T{G, gi,Xi] j £ J) be the free algebra 
generated by set {xj \ j G J}. Let S{G, gi,Xu j G J) be the algebra generated by set 
{xj I j G J} with relations 

XiXj = Xj{.9i)^j^i foi' any i,jEJ with i ^ j. (3.3) 

Let TZ{G, gi,Xu i £ J) be the algebra generated by set {xj | j G J} with relations 



N, 



X, 



' = 0, XiXj = Xj{gi)xjXi for any i,j, I G J with Ni < oo,i ^ j. (3.4) 



Define their coalgebra operations and /cG'-(co-)module operations as follows: 

Axj = Xj ® 1 + 1 (g) Xj, e(xj) = 0, 5~{xi) = gi® Xi, h ■ Xi = Xi{h)xi. (3.5) 

T{G, gi, Xui £ J) is called a quantum tensor algebra in ^yT>, S{G, gi, xf, j ^ J) is called 
a quantum symmetric algebra in ^QyV and TZ{G,gi,Xi',j € J) is called a quantum linear 
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space in ^g^^- Note that when ESC(G, (^j, ^ € J) is quantum weakly commutative 
with finite J and finite Nj for any j G J, the definition of quantum hnear space is the same 
as in |AS2l Lemma 3.4]. Obviously, if Ni is infinite for all i E J, then S{G, gi,Xi', j G J) 
= T^{G,9i,Xu3 e J)- 

Theorem 6. Assume that ESC(G, x^; ^ ^ J) is quantum weakly commutative. Let 
-< be a total order of J. Then 

(i) The multiple Taft algebra kG[kQl,G, gijXi'ii £ J] has a k-basis 

{g ■ ■ I < < Nf, V, -< z/,+i, g J, j = 1, 2, ■ ■ ■ , t; t G Z+,g G G}. 

Moreover, kG[kQ1, Ggi, x^i & J] is finite dimensional if and only if \G\, \J\ and Nj are 
finite for any j G J. In this case, dimk{kG[kQ'l,G, gi,Xu'i G J]) = \G\NiN2---Nt with 
J = {l,2,---,t}. 

(ii) diag{kG[kQl, G, gi, Xu i ^ J]) has a k-basis 

{i?.T ■ I < < iV,; z.^. ^ z.^. g J, j = 1, 2, ■ ■ ■ , t; t G Z+}. (3.6) 

(iii) diag{kG[kQl, G, gi, Xi] i ^ -'^l) 

is a Nichols algebra in ^q^I^ and 7^(G, gi, Xi J ^ 
J) = diag{kG[kQ\,G, gi,Xui G </]) graded braided Hopf algebras in ^yD, by sending 
Xj to a^^'Ji for any j E J. 

(iv) T(G,gi,xi^',j ^ J) — diag^kQ^^gijXi'ji ^ J)) o,s graded braided Hopf algebras in 
^yT> algebras, by sending Xj to a^J^^i for any j G J. 

(v) kQ'^iG, gi,Xui G J) = T{G,gi,x^^',3 ^ J)i^kG as graded Hopf algebras and 
kQ^{G, gi,Xi]'i G J) has a k-basis 

{g ■ ®kG E^, ®fcG ■ ■ ■ ®fcG E^, I z/j- G J, J = 1, 2, ■ ■ ■ , t; t G Z+ U {0}, g G G}, 

t(;/iere ■ E^,^ ®kG E^^ ®kG ■ ■ ■ ®kG Ey, = g when t = 0. 

Note that (iv) and (v) still hold without quantum weakly commutative condition. 

Proof, (ii) Since {Nj)q^. = 0, it follows from Lemma [3^ that E^^ = when Nj < oo. 
By Lemma [3.3[ Ei ■ Ej = Xj{gi^^)Ej ■ Ei for any i,j G J with i ^ j. Considering Lemma 
13.51 we complete the proof. 

(iii) By Lemma 13.31 and Eq. 03.21) . there exists an algebra homomorphism ip from 
TZ{G, gi, Xi^'ii ^ J) to diag{kG[kQl, G, gi, Xi', « G J]) by sending xj to a^J^^^ for any j G J. 
By (ii), ip is bijective. It is clear that ip is a graded braided Hopf algebra isomorphism. 

Let R := 1Z{G, gi,Xi]i G J)- Obviously, R(i) C P{R). It is sufficient to show that 
any non-zero homogeneous element z E R, whose degree deg{z) is not equal to 1, is not 
a primitive element. Obviously, z is not a primitive element when deg{z) = 0. Now 
deg{z) > 1. We can assume, without lost generality, that there exist z^i, z/2, ■ ■ ■ ,1^1 £ J 
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such that z = J2\i\=n ^i^^i where ki G A;, = x^^^x^^ ' ' ' ^^ut with ii + 12 + ■ ■ ■ + it = n. It 
is clear 

A(2) = fciA(x') = 2(g) 1 + 1 (g)2+ ^ fciCij^j O (3.7) 

|i|=n |i|=n 0<j<i, O^j^i 

If z is a primitive element, then So<j<i o^j^i ^i^iJ-^'' = 0- Since Cij 7^ 0, we 

have fci = for any i with | i | = n, hence z = 0. We get a contradiction. Thus 2; is not a 
primitive element. This show = P(-R) and i? is a Nichols algebra. 

(iv) and (v). Let A := T(G,gi,Xi^^',j ^ ^) R = diag{kQ^{G, gi,Xui £ -'^))- Let ■?/' 
be an algebra homomorphism from T(G,gi,x7^]j ^ ^) t° diag{kQ^{G, gi,Xu'i £ -^)) by 
sending to a^'^.^i- 

It is clear that T(G, gi,x^'^', j G J) is a fcG-module algebra. Define a linear map z/ 
from A^kG to /cQ'' by sending Xj^g to a^^^^^ ■ g = a~^{a^J^^^ ® g) for any g G G,j G J. 
That is, u is the composition of 

A^kG ^^'^ Ri^kG ^ fcQ^ 

where = fikQ^{id ® '■0) (see Theorem [5]). Define a linear map A from kG to A^kG 
by sending g to l^g for any g E G and another linear map 7 from kQ\ to A^kG by 
sending a^^.j^/j to Xi^{h)xi^h for any G G, i G J. It is clear that 7 is a fcG-bimodule 
homomorphism from kQ\ to \{A-^kG)\. Considering kQ'^ = TkcikQl) and universal 
property of tensor algebra over kG, we have that there exists an algebra homomorphism 
= TfcG(A, 7) from kQ^ to Ajj^kG. Obviously, is the inverse of v. Thus is bijective. It 
is easy to check that is graded Hopf algebra isomorphism. Obviously, {xy^Xi,2 ■ ■ ■ Xuti^g \ 
Uj E J, j = 1,2, ■■■ ,t;t E Z'^ U {0}, g E G} is a basis of T{G, gi, x7^ij ^ J)i^kG. See 

^'(x^-^Xjyj ■ ■ ■ ^vtH^g') 

= ®kG ®kG ■ ■ ■ ®kG Ey, ■ g 

= Xvi {.9)Xv2 (g)--- Xut (9)9 ■ E„^ (g)kG Eu^ ®kG ■ ■ ■ ®kG Ey^ . 

Thus {g ■ ®kG Ey^ ®kG ■ ■ ■ ®kG Ey, \ Uj e J, j = 1,2, ■■■ ,t;t E Z+ U {0}, fif G G} is a 
basis of kQ^. It is easy to check that ip is graded braided Hopf algebra isomorphism, 
(i) Considering (ii). Lemma [3.21 and Theorem [5], we complete the proof. □ 

3.2 A characterization of multiple Taft algebras 

In this subsection we characterize multiple Taft algebras by means of elements in them- 
selves. 

Definition 3.6. For a quantum weakly commutative ESC{G, gi,Xi',i G J), l^t A be the 
Hopf algebra to satisfy the following conditions: (i) G is a subgroup of G{A); (ii) there 
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exists a linearly independent subset {Xj \ i & J} of A such that A is generated by set 
{Xi \ i & J} U G as algebras; (iii) Xj is (1, qj) -primitive, i.e., A{Xj) = Xj ® 1 + gj Xj, 
for any j E J; (iv) Xjg = Xji9)9Xj, for any j E J,, g E G; (v) XjXi = Xji9i)XiXj, 
for i,j E J with i ^ j; (vi) A(o) fl y4(i) = 0, where yl(o) := kG and y4(i) is the vector 
space spanned by set {hXi \ i E J; h E G}. Furthermore, let J{A) denote the ideal of A 
generated by the set 

{X^' \N,<oo,iEJ} 

and H(G, gi^Xi'iT' ^ J) the quotient algebra A/J{A). 

Lemma 3.7. (See jASB. Lemma 3.3] ) Let H be a Hopf algebra with a linearly inde- 
pendent set {xi . . . ,Xt} and G a subgroup of G{H). Assume that gi E Z{G) and Xi ^ G 
such that A{xi) = Xi <^ 1 + gi ® Xi, Xih = Xi{h)hxi, for i = 1,2, ■■■ ,t, h E G. If the 
intersection of kG and span {hxi \ l<i<t,hE G} is zero, then 

{/ia;"i<^ ■ ■ ■ I < my < Nj, l<j<t;hEG}. 

is linearly independent, where Ni is the order of qi := Xiidi) ( Xi = oo when qi is not a 
root of unit, or qi = 1 ) for 1 < i < t. 

Proposition 3.8. IfESC{G,gi,Xi',i E J) is quantum weakly commutative, then H{G; 
gi,Xii i E J) and multiple Taft algebra kG[kQ\,G, gi,Xi] i E J] are isomorphic as graded 
Hopf algebras. 

Remark: H{G, gi,Xi',i E J) just is H{G,n,c,c*, 0,0) in |DNRl Definition 5.6.8 and 
Definition 5.6.15] with G = G, J = {1,2, ■ ■ ■ ,t}, 1 < rii = Ni < oo, gi = Ci,c* = Xi for 
1 = 1,2, ■■■ ,t. 

3.3 The relation between semi-path Hopf algebras and quantum 
enveloping algebras 

If ^ q E k and < i < n < ord[q) (the order of q), we set 

Let i? be a Hopf algebra and R a braided Hopf algebra in ^yD. For convenience, we 
denote r#l by r and l^j^h by h in biproduct R^^B for any r E R, b E B. 

Lemma 3.9. Let B be a Hopf algebra and R a braided Hopf algebra in with 
Xi,X2 E P{R) and gi,g2 E Z{G{B)). Assume that there exist X11X2 ^ Alg{B,k) with 
\/Xii9j) ^ k such that 

Snixj) = gj ® Xj, h-Xj = Xj{h-'^)xj, 
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for all he B,j = 1,2. 

(i) If r is a positive integer and 

X2{9i)Xi{92)Xi{9ir-' = 1, Xii9i)''^''-\2{9i) = 1, r - 1< ord{xi{9i)), (3.8) 

then 

a;^-™X2X^ (3.9) 

= {adcXiYx2 is a primitive element of R and a {1, g[g2) -primitive element of biproduct 
Rij^B, where (adcXi)x2 = X1X2 — X2{9i^)x2Xi. 

(ii) If Vxi (5-2)^X2 (5-1) = 1 and xtgj = Xi{.9j)9jXi fori,] = 1,2, then 

\^X2(9l}XiX2 - ^/xi(92}X2Xl 

is a primitive element of R and 

\fx^2k9^xxX2 - \/x\{92)X2X\ - f3{gig2 - 1) 

is a {1, gig2) -primitive element of biproduct Ri^B for any (3 & k. 

For an ESC(G', Xi, 9u « G J), we give the follows notations: 
(FLl) is a set and J = Usgiv(Js U J^) is a disjoint union. 

(FL2) There exists a bijection a : J^^^ — > J*^^^ such that a is a bijection from to 
for u e N, where J^^^ := Uu^nJu and J^^^ := Uu^nJu- 

(FL3) There exists a J^^-* x J^-"^) -matrix A = (ajj) with an = 2 and non-positive integer 
aij for any i,j G J^^^ and i j- For any u & N, there exists an integer df^^ such that 
d\^^aij = d^^^aji for any i,j G Ju- 

-2d^'^\i ■ 

(FL4) For any u E N, there exists 7^ G /c such that Xi{9j) = Qu ' X(T{i){9j) = 
X7^i9j) and g^(^j) = gj for i, j G J„. 

(FL5) There exists G G such that Xa(i)(0) = X7\Q), ■= and gi = g^^i) := 
for any i,j E Ju, u E N; there exists a positive integer Vij such that ra-(i),a{j) = '"ij for any 
j G J''"'^'' with i 7^ j. 

(FL6) Xi(^i)Xi(^i)Xi(^i)''"'"^ = 1, Xi(0) = Xi(^i), Xi(^i)5^'''^"^^Xi(c/i) = 1, for any 
ij E Ju,i7^ j, uE N. 

(FL7) G is a free commutative group generated by generator set {^i \ i E J^^^}. 

An ESC(G, gi, Xi', i E J) is said to be a local FL-matrix type (see |AS4l P. 4]) if (FLl)- 
(FL4) hold. An ESC{G, g^xui & J) is said to be a local FL-type if (FLl), (FL2), (FL5) 
and (FL6) hold. An ESC {G, gi,Xi',i G J) is said to be a local FL-free type if (FLl), 
(FL2), (FL5), (FL6) and (FL7) hold. An ESC {G, gi,Xi;i G J) is said to be a local FL- 
quantum group type if (FLl)- (FL4) and (FL7) hold. If only contains one element and 
j(^) = {1, 2, ■ ■ ■ , n}, then we delete 'local' in the terms above. 



r 

m=0 
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Let ESC(G', Xi, Qi] « € J) be a local FL-free type. Let / be the ideal of kQ^{G, gi, xf, i G 
J) generated by the following elements: 

xMi)E.E^ - x;\QE,E, - <5.(,),,- ^.,f for t G A, J eJ^ue N; (3.10) 



m=0 



m 



(3.11) 



for any i,j G J„ or i, j e J'^,ij^ j and - 1 < ord{xi{gi))] u e N. 
Let [/ be the algebra generated by set {Ki,Xi | i e J} with relations 

XiXj - XjXi = 5^(i)j x.(6)-xife)-^ ' ^ ^ ^ "^w' ^ ^ ^' 

KiK^^^i^, = K^^i)Ki = 1 for any i e j(^); 
Xj{ii)KiXj = XjKi, K,Kj-K^K, = 0, for any i,jG J; 



e:;u(-i)' 



(3.12) 



for ij G J„ or ij e J^^i j and r^j- - 1 < ord{xi{9i))]u G iV. 
The comultiplication, counit and antipode of U are defined by 



A(X,) = X, ® + K, ® X,, 5(X,) = -xAQX,, e(X,) = 0, 

A(i^i) = Ki^ Ki, S{Kj) = K^y), e{Ki) = 1, (3.13) 

H^aij)) = ^a(j) ® ^a(i) + Kj (g) X^Q), 5'(X^(j)) = 

for any j G J^^^ ,i E J. 

In fact, -f^o-O) = -f^7^ in for any j G J^^^. 

Theorem 7. Under notation above, i/ESC(G, 51,, x^; i E J) is a local FL-free type, then 
kQ^{G, gi, Xi)i ^ J) / 1 — U as Hopf algebras. 

Proof. For any i,j e Ju,u e N, see Xa(i)i^a{j)) = Xi{Q = Xi(6) = Xa{j){^a{i)): 
Therefore, 



Xi(0) = Xi(6) 



(3.14) 



For any i,j G U J^, G A^. Obviously, for i,,; e J^, i j, u E N, (FL6) holds. 
We show this theorem by following several steps. 

(i) There is a algebra homomorphism $ from kQ^ to U such that $(^i) = Ki, 
H4lh) = m^iXi and $(a!r«^,J = m^iX^ii) for all G G and i G J^'l In- 
deed, define algebra homomorphism : /cG — > [/ given by 0(^i) = for i G J and a 
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fc-linear map ip : kQl ^ U hj ip{agl,g) = (f){g)KjXj and ip{al^Jfl],g) = ^i9)KjX^Q) for 
any j G J^^\ 9 & G. For any g, h G G, j G J^^\ see 

and 

= <P{g)K,X,<f){h) { since X,<p{h) = mXj{h)Xj) 

Similarly, ^{h ■ a£?,;;,,) = mHail^'la) and ^(a£?,;;,, ■ h) = V^(a£i',;!,,)0(/i). This 
implies that is a. /cG-bimodule map from {kQl, Qi, xf, « € J) to ^U^. Using the universal 
property of tensor algebra over kG, we complete the proof, 
(ii) $(/) = 0. For any i G Ju,j G J^, see that 

= xAi^)K^X,KJ^Xj-Xi{Q-^KJ^X,K,X,-5^^,),, 



X.{£.)-Xr{U)-^ 



= K,KJ\X,X^ - X,X, - ^l^I^^i ) 

= K,KJ\X,X, - X^X, - = 0. 

For i, j & Ju, i ^ j, see that 

= {K,X,Y'^-^KjX,{K,X,)"' 

— '^.(^^.'•j^{{rij-m){rij-m-l)+m{m-l)+2{rij-m)m)^,^^^Yij-m^^^^,--^^ 

= X.te)^^^--')^-X.(e,)^-^r^""^.^r ((by (FLG)) 



and 



*(E(-i) 



m=0 



E"y~""EjE]^) = 0. 

Similarly, the equation above holds for i,j E J^, i j, u E N. 

By (ii), there exists an algebra homomorphism $ from kQ^/I to U such that $(x+J) = 
for any x G fcQ^. For convenience, we will still use x to denote x + 1. 

(iii) It follows from the definition of U that there exists a unique algebra map \E' : f/ ^ 
kQ'/I such that ^(fsTi) = ^i, ^(X^) = ^r^^. and ^{X^(i)) = ^^^E^^i) for all z G J^^^. It 
is easy to see that ^$ = id and = id. 

(iv) We show that / is a Hopf ideal of kQ'^. It follows from Theorem [6] that R := 
diag{kQ^) is a braided Hopf algebra with 5~{Ei) = Qi® Ei, h t> Ei = Xi^{h)Ei for any 
h E G, i E J. By Theorem [5l Rj^B = kQ^ as Hopf algebras. It follows from Lemma 13.91 
that / is a Hopf ideal of kQ^. 
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Obviously, \l/ preserve the comultiplication and counit. Since kQ'^ / 1 is a Hopf algebra, 
then is a Hopf algebra isomorphism. □ 

Corollary 3.10. The quantum enveloping algebra of a complex semisimple Lie algebra 
is isomorphic to a quotient of a semi-path Hopf algebra as Hopf algebras. 

Proof. Let k be the complex field and L a complex semisimple Lie algebra determined 
hy A = {aij)nxn- So A is a symmetrizable Cartan matrix with di G {1,2,3} such that 
diUij = djaji for any i,j E J^^-* = {1, 2, ■ ■ ■ , n}. Let | |= 1, J*-^-* = {^+1, n+2, ■ ■ ■ , n+n}, 
J = J^^^ U J*-^) and a : J^^^ J^'^^ by sending i to i + n. Let G be a free commutative 
group generated by generator set {^i \ i E J^^^}. Set ^^(j) = gi = g„^) := = 
= 1 - for any i, j E J^'^\ i ^ j. Define Xii^j) = Q^'^'"''' and Xa{i){.ij) = Xi^iQ 
for any i,j E J^^\ where q is not a root of 1 with ^ q E k. It is easy to check (FLl)- 
(FL7) hold, i.e. ESC {G, gi,Xi','i £ J) is an FL-quantum group type. U in Theorem [7] 
exactly is the quantum enveloping algebra Uq{L) of L (see |Mot p. 218] or [Luj ) . Therefore 
the conclusion follows from Theorem [71 □ 

In fact, for any a generalized Cartan matrix A, we can obtain an FL-quantum group 
type ESC(G, gi, i E J) a.s in the proof above. By the way, if ESC(G, gi, Xu i E J) is a. 
Local FL-type, then there exist the Hopf ideals, which generated by (13.101) and (13. lip , in 
co-path Hopf algebra kQ^{G, gi, Xu i & J) and multiple Taft algebra kQ^{G, g^, xf, i E J), 
respectively. 



4 Appendix 

Proposition 4.1. If (kQI, G,r, ~x,u) is a kG-Hopf bimodule, then {kG)* -coactions on 
the {kG)* -Hopf bimodule {kQ1,G,r,~x ,u) are given by 

heG h€G 

where x,y E G with x~^y = gQ^u{G)gg, Q is given by (10. 3p . G E lCr{G), i E Ic{r) and 
Ph E (kG)* IS defined by ph{g) = Sh,g for all g,hEG. 

Now, we give an interesting quantum combinatoric formula by means of multiple 
Taft algebras. Let n be a positive integer and Sn be the symmetric group on the set 
{1,2, ■ ■ ■ ,n}. For any permutation cr E Sn, let r(cr) denote the number of reverse order 
of a, i.e., r(cr) = | 1 < < j < n,a{i) > cr(j)}|. For any 7^ g G A;, let 

Sn{q) := E.eS.Q^^"^- 

Lemma 4.2. In kQ^{G,r,~x ,u) , assume g E fCr{G) and j E I^g-^ir). Let q := X{g}i9)- 
If 11,12,- ■■ ,im be non-negative integers, then 

Ji) . J^) J:)) - c (n-^P^^^ (n m] 
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where = zi + Z2 H h im, {g,m) = aglh,g"^-ih%rLih^gm-2h ■ ■ -ciglh' A = and 

Pm = YlfJii^i + ^2 H ifm>l. 

Proof. Now let ai = a^^,]+i for / = 1,2, ■■■ ,m and consider the sequence of m 
arrows A = {am, ■ ■ ■ ,ai). We shall use the notations of |CRll p. 247]. For any cr G Sm 

and 1 < / < m, let m{a,l) = \{i\i < /,cr(i) < cr(/)}|. Then 

m(a, l) = {l-l)-\{i\i<l, a{i) > a{l)}\, 

and hence 

ET=M^j) = ^-e;:iIom<u(o>^(0}i 

m(m—l) I \ 

Now it follows from [CRll Proposition 3.13] that 

am ■ am-1 ai = J2aeSm ■ ■ ■ ^2^1 

= q^-^'^Sm{q-')P^gU9,m). □ 

Let G = Z be the infinite cyclic group with generator g and let r be a ramification of 
G given by r^gj = 1 and r^guy = if n 7^ 1. Let ^ q G k. Define x^P G G by xf\9) = q- 
Then (G, r, 'x, u) is an RSC Using Lemma 13.31 and Lemma 14. 2[ one gets the following 
result. 

Example 4.3. (i) For any ^ q E k, {m)g\ = q~^ ~Smiq~^), and Sm{q) = 
{m)i\q~^ ~ , where m is a positive integer. 

(ii) Assume q is a primitive n-th root of unity with n > 1. Then Sm{q) =0 if m>n, 
and Sm{q) 7^ if < m < n. 
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